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I. INTRODUCTION AND SUMMARY OF RESULTS 
We shall investigate here the problem of plastic distortion of a thick flat 
plate consisting of elastid-plastic material subjected to a uniform stress in 
one direction (see Fig. 1). For a thick plate, conditions of plane-strain may be 
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supposed to hold throughout the material [I], which, for simplicity, is assumed 
to be isotropic and homogeneous, without strain hardening and with a 
sharp yield point. When the load is continuously and slowly increased to a 
uniform stress 7, it is postulated that a state of plastic yield is reached in a 
certain region of the plate while the rest of the plate is maintained in elastic 
equilibrium; it is also postulated that there exists a fixed plane surface .Z 
which will separate the elastic region II from the plastic region I and will 
be normal [2] to the flat surface of the plate. This plane ,Z will be a surface 
of discontinzlity for the purpose of the mathematical analysis of the state of 
deformation in the two regions. 
In Sections V and VI the orientation of the plane .Z (identified as a slip 
plane) with respect to the axis perpendicular to the direction of stress will be 
determined as a problem of plastic equilibrium in region I and elastic equili- 
brium in region II. When the material is considered incompressible the angle 
of inclination of the slip plane Z with the stress axis is found to be exactly 
45” whereas the inclusion of compressibility, subject to minimal plastic 
distortional work, leads to a correlation of the angle of inclination B with the 
Poisson’s ratio Y for the material (see Table in Section VI). In particular 
this result explains the inclination of slip planes slightly off 45” from the 
stress axis that is experimentally observed in tension tests on mild steel 
bars [2]. 
In Sections VII and VIII it is shown that an abrupt drop of total stress 
occurs along C as a result of plastic yield in region I. If now the stress 7 
is continued indefinitely, a condition of weak instability is produced, which 
eventually develops into fracture of the plate along the slip plane. The theory 
that fracture in a solid will occur over a weak or strong instability surface 
was proposed by T. Y. Thomas [3]. This theory takes into account the exten- 
sive plastic flow preceding fracture and thus enables us to predict the upper 
limiting fracture strengths of materials when their premature fracture, 
caused by initial flaws and weaknesses, has been avoided. The instability 
condition at the basis of the present theory of fracture can, in fact, be 
regarded as conducive of the growth over the associated instability surface 
of the hypothetical flaws and cracks which lead to normal or shear modes of 
fracture in certain other fracture theories [4, 51. In Section VIII we have 
treated the shear mode of fracture of ductile materials and the cleavage fracture 
of brittle materials under uniaxial tension on the basis of this theory of insta- 
bility. It is shown that shear fracture may occur over those slip planes Z 
which make an angle of 45” with the direction of tension for incompressible 
material and an angle slightly greater than 45” with this direction when 
compressibility effects are included. Cleavage or brittle fracture is shown 
to be possible over planes perpendicular to the direction of the applied 
tension. As far as we are aware this is the first time that a theoretical 
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explanation has been presented for the origin of such fracture surfaces 
in compressible and brittle materials. 
II. ANALYSIS OF ELASTIC EQUILIBRIUM UNDER PLANE STRAIN 
Let (x1 , x2 , x3) be the principal axes of the material plate (see Fig. 2) 
such that the (x1 ,A+) axes lie in the principal plane of symmetry parallel 
to the flat sides and the x3 axis is normal to these sides. Referred to these 
FIG. 2 
principal axes let Us for (i = 1,2,3) denote the components of the displace- 
ment vector of the material particles and TJX) and e&), (i, j = 1,2, 3), the 
components of the stress and strain tensors respectively in the region II, where 
The conditions of plane strain [6] imply that all the components of the 
stress and strain tensors and the displacement vector are independent 
of the Xa coordinate and, in addition, that z+,(x) = 0. Hence for plane strain 
we can write 
u3 = 733 = 713 = e23 = e13 = 0. (2.1) 
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The equations of elastic equilibrium referred to principal axes can be written 
as 
e,,(x) = - ~(1 + V) T/E; e&x) = (1 - 3) T/E; e12(x) = 0; 
T&X) = vr; e33(x) = 0; 
e,,(x) -t e,,(x) f e33(X) = d = (1 - v - ~v’)T/-!?, (2.2) 
where v is Poisson’s ratio, E is Young’s modulus, and A is the dilatation 
which measures volume changes due to the elastic compressibility of the 
solid. It may be pointed out here that for elastic deformation under plane 
strain an additional stress VT has to be applied in order to have zero 
displacement in the direction normal to the plate-a condition which is 
taken into account in experimental tests [7]. For elastic equilibrium in the 
region II under the plane-strain condition the stress distribution will there- 
fore be given by 
‘22(x) = 7; T&X) = VT; ‘ii(X) = 0, (otherwise), (2.3) 
where 7 is the applied stress at the ends of the plate. 
To simplify the mathematical analysis we choose a coordinate system (y) 
such that the y1 axis is parallel and the yz axis is perpendicular to the plane z 
the ya axis will be taken to coincide with the x3 axis, the origin remaining 
unchanged. Then the (yl, y2) axes lie in the plane of (xl, x2) and the y1 axis 
is inclined to the x1 axis at an angle 8 (see Fig. 2). The transformation of 
coordinates from the x to the y systems will be given by 
x1 =yfcosB -y2sin8; x2 =ylsinB +ycose; x3 =y3, (2.4) 
while the stress components 7afl and strain components cab will be transformed 
by the following tensorial rule 
No distinction between contravariant and covariant components is made 
since we are concerned here with rectangular systems of coordinates. Now 
using (2.4) and (2.5) the strain components (2.2) and the stress components 
(2.3) in they system will be given by the equations 
e,,(y) = - V( 1 + V) $ cos2 e + (1 - v”) + sin2 0 = + (1 + V) [sins 8 - v], 
e2*(y)= -v(l +v)$sin”B+(l -v2)+os2e=+(l +v)[c0s2e-v], 
e,,(y) = ] - v( 1 + V) G + (1 - v”) fl sin 0 cos 0 = A sin 8 cos 8, 
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e,,(y) + e22(y) + e,,(y) = (1 - v - 2vj2 fj = d ; 
e,,(y) = e2h9 = e33(Y) = 0, (2.6) 
and 
711(y) = 7 sir? 0; T22(y) = 7 COG 8; 733(Y) = “7, 
~~~(y) = 7 sin 0 cos 0; T13(Y) = 723(Y) = 0, (2.7) 
respectively. The conditions of plane strain (2.1) are carried into similar 
equations in the y system with x3 replaced by y3, i.e., 
ati* aTij 8% _ 
aY3 -ar”=&jx 
- 0, 
u3 = 723 = 7l3 = e23 = e13 = 0. (2.8) 
Thus we see that all the strain components eij(y) and stress components 
-rii(y) are known in terms of 7 and 0 in the elastic region II. 
III. COMPATIBILITY CONDITIONS ON THE PLANE OF SEPARATION Z 
We shall examine the discontinuities in the density function p(y) and 
the stress components u&v) across the surface 2 which is the boundary 
separating the elastic region II from the plastic region I. Along Z the general 
dynamical conditions [3] of the following type must be satisfied, namely 
p(e), - G) = p(c - G); [Ufj] vj = p(v, - G) [Vi], (3.1) 
where the bracket denoted the discontinuity in the quantities enclosed. Also v 
stands for the velocity of the material particles and G is the normal velocity 
of propagation of the surface Z whose unit normal vector is denoted by Y. 
The quantities p and v, are the density and normal velocity on the elastic 
side of .Z and the bar is used to represent the corresponding quantities on the 
plastic side of this surface. By hypothesis ,Z is stationary in the equilibrium 
situation under consideration; hence G = 0 and the above quantities wi , 
Ci , v,, , and 6,, likewise vanish on Z. Thus the first of the conditions (3.1) 
is identically satisfied and the others reduce to 
[CQ] vj = 0, (3.2) 
with v = (0, l,O). This implies [ui2] = 0 or c2 = -ri2 for i = I, 2, 3. Since 
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we know the stress components on the elastic side from (2.7), the equations 
(3.2) give us 
iFI2 = 7-12 = 7 sin 0 cos 8, 
a,, = 722 = T cos2 e, 
aa = 3-32 = 0. (3.3) 
We are therefore able to determine three of the six stress components on the 
plastic side of .Z from the stationary boundary conditions; the remaining 
stress components will be determined in the next section. 
IV. ANALYSIS OF THE PLASTIC STATE 
UNDER PLANE STRAIN AND SYMMETRY CONDITIONS 
For the thick plate under consideration we may assume the plastic defor- 
mations to be small and of the same order of magnitude as the elastic deforma- 
tions in the yielded region I. When the stress r which produces plastic yield 
is the result of continuous loading the Heneky stress-strain equations will be 
applicable [8]; assuming this condition the complete set of equations which 
will enter into our discussion can be written as [3] 
(i) & = CJJZ~~; v=++$ (S tress-strain equations), 
(ii) eii = ui,i = --Z uii 
V2) E 
(iii) e,i = Ui,i = 0 
(iv) Z,*,ij = 2K2 
(Equation of compressibility), 
(Equation of incompressibility), 
(von Mises yield condition) 
(Scalar work function), (4.1) 
when referred to they system, where 
are the deviators of the strain and stress tensors in the region I; p is the bulk 
modulus of elasticity; K is a material constant measuring the tensile strength 
of the solid and Y is Poisson’s ratio. The above function 1,4 represents the 
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work per unit volume due to the plastic distortion; it is assumed that 
J, 3 0 in the plastic region I. 
The condition of plane strain is assumed to hold throughout the plate; 
in the plastic region I this condition is expressed by the following relations [6], 
e33 = us,3 = 0; ua = zl‘$ = 0, 
u1.J = (T23 = 0; e13 = ez3 = 0, (4.2) 
plus the requirement that all quantities appearing in (4.1) are independent 
of the y” coordinate. It will also be assumed that the plate is of sufficient 
lateral extent that end and side effects can be neglected over the significant 
portion of the surface Z with which we are primarily concerned. Because of 
the comparatively unrestricted nature of the plastic deformations it is 
therefore natural to suppose that the various quantities which enter into 
the discussion will be independent of the yl-coordinate when evaluated 
on the plastic side of the surface C. This condition will be assumed and will 
be referred to hereafter as the symmetry condition. Thus we have relations 
of the following type 
uii.l = 0, (Cj = 1,2, 31, 
f& = 0, Gi,i = 0, (4.3) 
where the bar is used to denote evaluation on the plastic side of Z; this 
use of the bar will be continued in the following discussion to indicate such 
evaluation. 
Now consider the Henky equations for the incompressible solid, i.e., all 
equations in (4.1) except (ii); this case will be referred to as Case A. The 
equations (4.1) excluding (iii), which will represent the compressible solid, 
will be called Case B in the following discussion. 
Case A 
Using the conditions (4.2) and the assumed symmetry condition the evalua- 
tion of the first and third set of equations (4.1) on the plane Z will give the 
following relations 
- &! = gq2a,, - I& - CT&; 2& = qq2022 - all - Q, 
- t&. = Q(20zz - I& - &); f& = cp?,,; t& = 0, 
when use is made of the fact that + > 0 as a consequence of the above 
hypothesis r,f~ 2 0. From these equations and the equation (3.3) we find that 
cs,, = Ozn = Lisa = 7 CO82 8, e;, = tTzz = cm = 0, (4.4) 
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which insure the existence of the characteristic surface elements [9]. Evalua- 
ting the fourth set of equations (4.1) on Z we obtain 
2Of, = 2K2; or 72 sin2 0 cos’ 0 = K2, (4.5) 
from (3.3). It is seen from (4.5) that the angle of inclination 6’ of the plane Z 
is determined by 7 and K. 
Case B 
Evaluating the first and third set of equations (4.1) on Z and using the 
plane strain conditions (4.2) and the symmetry conditions (4.3), we obtain 
- tg2 = &2fF11 - cT22 - &), 
2i2‘,, = cy(2cY2, - a,, - 02J, 
- t?22 = qJ(2& - $1 - I?& 
e12 = Fh2; tT22 = 461 + 022 + a,$), (4.6) 
where a is the positive constant (1 - ~v)/E. From the first and third of the 
equations (4.6) we see that 
- - 
011 = 92 7 (4.7) 
when we note that p > 0 as previously observed. Using the above equation 
(4.7) we now eliminate @22 from the second and fifth of the equations (4.6) 
giving us, after some simplification, the relation 
(@/a + 2) = 3&q/(‘& - 41). (4.8) 
Also we obtain 
(a22 - iill)2 + 3cTf2 = 3K2, (4.9) 
when the fourth equation in (4.1) is evaluated on the surface 2. By virtue 
of (4.9), the equation (4.8) can be written as 
fF a 3% 3K2 - 3~7’~  
where the positive sign of the radical is taken because 7 > 0. The quantities 
Ga2 and Gr2 occurring on the right of the equation (4.10) are known in terms 
of 0 and 7 from (3.3). By way of comparison with the result in Case A we 
find that 0 cannot be determined in terms of 7 and K in the present case 
unless we know +. This means that we need some additional condition on Q 
to deal with the case of the compressible solid; we shall formulate the neces- 
sary condition in Section 6. 
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I-. RELATION BETWEEN THE MATERIAL CONSTANTS K, v 
AND THE APPLIED STRESS 7 
As indicated in Section I the applied stress 7 is just sufficient to produce 
yield in the region I and so the yield condition is satisfied in this region. On 
the other hand, in the elastic region II the material has been brought to the 
yield point without actual yielding for the simple model under consideration; 
in practice one might suppose, more realistically that the function F defined by 
** 
F = oiiaii - 2K”, (5-l) 
vanishes in the plastic region I and the corresponding function is negative 
in the open elastic region II but vanishes on the elastic side of Z so that the 
material just on this side will be at the point of yielding [8]. This enables us 
to express K in terms of the applied stress 7 and Poisson’s ratio v for the 
material as will be shown in the following discussion. 
$, 
The deviator *, of the stress tensor in the elastic region II has components 
given by 
* 
Tij = Tij - +&j . 
Using (2.3) and (5.2) we have 
(5.2) 
* 
711 = -+u +4; -T,,=+(2-v); 3,,+2v-I), (5.3) 
and the other components Gij are equal to zero. But the equation 
is satisfied at points on the elastic side of .L’. This equation, when expanded 
will give us the desired relation’ 
-$ (I - Y + v*) 72 = 2K2 or 72 = 3K2/( 1 - ” + V”). (5.4) 
For incompressible material v = t; hence 
r2=4K2; or 7 = 2K, (5.5) 
for Case A. For compressible material in Case B we have 0 < Y < *, and 
it is seen from (5.4) that 7 must lie between the limits d/3K < 7 < 2K. 
But d%? measures the tensile strength of the material. Thus we observe 
from (5.4) that for a solid having Poisson’s ratio Y, the conditions of the 
1 This equation is a special case of the .expression obtained by A. M. Freudenthal 
in [6, p. 282, Eq. (22.3)], where he considers plane strain for elastic equilibrium. 
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problem require that the applied stress 7 must be higher than the measured 
tensile strength of the material by the factor 
VI. ORIENTATION OF THE SLIP PLANE 
Case A. For this case the equations (4.5) and (5.5) which pertain to 
incompressible material, show that 
49 sir? 6 (308~ e = 4K2 = r2. (6.1) 
Hence sin2 20 = 1 or sin 20 = f 1, from which it follows that 0 = 5 45”. 
This means that the plane Z must be inclined at -& 45” with the direction 
of the applied stress. Since these are the directions of maximum shearing 
stress, the slip planes Z are therefore the planes of maximum shearing stress. 
It may be pointed out here that if the Tresca yield condition is assumed, 
instead of the von Mises yield condition in (4.1), the slip planes Z will also 
make an angle of f 45” with the applied tension. 
Case B. Substitute the value of 3K2 from (5.4) and the values of &a 
and Ora from (3.3) into the equation (4.10). We thus obtain 
@+2) = 
co9 e 
1/(1 -v+vy -@me’ 
(6.2) 
We see from (6.2) that, for a given material, the quantity + is independent 
of the applied stress 7 and depends, in fact, only on the inclination 
angle 8. As indicated in Section IV the determination of the angle 0 requires 
the assumption of an additional condition for this case. The following assump- 
tion will accordingly be made as one befitting the physical situation. The 
orientation of the slip plane .Z is such that the plastic energy density function 
1 
S=F--,, 
assumes an extremum value as a function of the inclination angle 0. This assump- 
tion is, in fact, suggested by Hencky’s condition for plastic flow [6]. Hence, 
differentiating (6.2) with respect to 0, we arrive at the equation 
1 dt$ sin 20[$ cos2 0 - (1 - v + v”)] --= 
3a d0 [(l - v + 3) - (8) sin2 281sIz . 
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Equating the right-hand side of (6.3) t 0 zero for extremum values of $, we 
find that 
(1) sin 0 = 0; or 8 = 0, 
(2) cos 8 = 0; or e = a/2, 
(3) co9 0 = (8) (1 - v + v”); or 
(6.4) 
e = cos-14% (1 - V + “2, , 
when we restrict ourselves to acute values of 0, i.e., to values of 0 such that 
0 < 8 < n/2. The solution 8 = rrj2 is inadmissible because it gives $5 < 0 
which is contrary to our hypothesis. To test whether solutions (1) and (3) 
give maximum or minimum values of I$, we assign to 0 values slightly less 
and slightly greater than those given by these solutions; substituting these 
values of 8 in the right-hand side of (6.3) we conclude from the resulting 
changes of sign of the expression that the solution (1) corresponds to a 
minimum value and the solution (3) to a maximum value of $. Moreover 
the solution (3) gives the angle of orientation 0 in terms of Poisson’s ratio v 
for the material, as shown in the accompanying table. For most ductile 
materials the value of v is approximately 0.3. Substituting this value of v into 
the equation (3) in (6.4) we get 0 = 43 g which is in close agreement with 
the measurements by Scholl [lo] and reported by Nadai [2]. Furthermore 
the following remarks can be made regarding the above solution (3) in (6.4). 
REMARK (a). For a given value Y the two values f fl are admissible or, in 
other words, the slip plane X will have two modes of orientation symmetrical 
with respect to the plane perpendicular to the direction of the applied tension. 
Y 9 Y e 
0.000 35”16’ 0.275 43’03’ 
0.025 36”14’ 0.300 43”28’ 
0.050 37”lO’ 0.325 43”49’ 
0.075 38”Ol’ 0.350 44”08’ 
0.100 38”50’ 0.375 44”24’ 
0.125 39”35’ 0.400 44”37’ 
0.150 40”17’ 0.425 44”47’ 








R~ARK (b). Ifv = & we find that 0 = f 45” which is the result obtained 
in Case A for incompressible material. 
9 
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REMARK (c). When the Tresca yield condition is used instead of the 
Von Mises condition it is found that the angle 8 does not depend on Poisson’s 
ratio V; in fact 19 has the value & 45” for compressible as well as incompressible 
material if the Tresca condition is assumed. 
REMARK (d). In the case of simple compression the measured value of 
the angle 6 is slightly greater than 45O 121. This result does not follow from 
the above theory for which the angle 0 will be the same for compression as 
for tension. The explanation lies in the fact that under simple compression 
excessive strain-hardening effects occur which not only cause a considerable 
increase in the applied force required to produce yield but, in addition, 
render the von Mises condition inadequate as a yield criterion [ll]. The 
present theory, which does not take such effects into account, is therefore 
inapplicable in the case of simple compression but can be applied to materials 
under simple tension where strain-hardening effects can be neglected. 
The solution (1) in (6.4) corresponds to phenomena in brittle material 
and will be discussed as a separate Case C in Sections 7 and 8. 
VII, DROP OF TOTAL STRESS ALONG C DUE TO PLASTIC YIELD 
We shall now compute the total stress on the elastic and plastic sides of the 
the slip plane Z. The square of the total stress Se1 on the elastic side of .Z is 
given by 
SE, = TjjTjj = (1 + v”) 72, (7.1) 
from (2.3). Correspondingly we find that the total stress Snr on the plastic 
side of C has the value 
since his and c& are zero due to the plane-strain condition. From (7.1) and 
(7.2) we find the ratio of the two stresses to be 
SPl -= 
li 
of1 + g2 + CT, + ET2 
S el (1 + 9) T2 . 
We shall now examine the numerical values of this ratio in each of the three 
Cases A, B, and C which will arise in this problem. 
Case A. In this case we have from (3.3), (4.4), and (6.1) that 
011 = u22 = us2 = r/2; al, = r/2; v = l/2. 
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Hence from (7.3) we obtain S,r/S,r = 1. Thus we conclude that there is no 
stress drop in the case of incompressible material. 
Case B. We now obtain the following relations 
(T11 = a, = @J/4 - 11 G? = 1 _ g ( J 
w - y + v”> - 3 
(Q/4 + 2 3(1 - v + v”) 1 
a,, ) 
u22 = 6 T( 1 - ” - G); a,, = $2/2(1 - Y + V”) (1 + 2v - 2V’) (7.4) 
from Eqs. (4.7) (4.8), and (5.4). Putting v = 0.3, the approximate value of v 
for ductile metals, the stress components in (7.4) are given by 
CT,~ m 0.32~; a,, e 0.737; Cl2 w 0.4997. 
Substituting these values in the expression (7.3) we find that Snr/& = 0.90, 
i.e., there is a stress drop of approximately 10% for metals. In general for 
any value of v such that 0 < v < i there will be a definite drop in the total 
stress. 
Case C. Here 6’ = 0 and hence (6.2) becomes 
F 1 3 a +2 = 1/(1 -,+,2,’ 
From (7.4) the values of Gij are now given by 
a,, = aaa = cf,,(l - d( 1 - v + v”) ), 
u‘J2=7; (i,2= 0. (7.5) 
Taking v = $ which is the approximate value of v for most rocks (brittle 
material), the stress components in (7.5) have the numerical values 
a,, = ass 5% 0.17; a,, = 7; a,, = 0. 
Substituting these values in (7.3) we have &,1/&r M 0.98. Hence the stress 
drop for rocks is about 2 Oh; it is easily seen that for any value of v between 
the limits 0 < v < 8 a definite stress drop will occur for this case. 
The stress drop found in Cases B and C is evidently due to the occurrence 
of plastic deformation in the region 1. Now if the applied stress 7 is main- 
tained indefinitely, it is possible that the plastic equilibrium in the region I 
will not persist or, in other words, that a state of instability will develop near 
the slip plane where the abrupt stress drop occurs [2]. This suggests that we 
should examine the question of the instability of the plastic equilibrium and 
its resultant effects. We will treat this question in the next section. 
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VIII. THE SLIP PLANE AS A POSSIBLE SURFACE OF FRACTURE 
As indicated in the last section we shall now assume that the condition 
of equilibrium is no longer maintained under the continued application of 
the yield stress 7, i.e., that plastic flow will take place in the region I. In this 
consideration it will be specifically supposed that the slip plane C is stationary 
and that the region II remains in a state of elastic equilibrium. The stress and 
strain components in the region I will be functions of the time as well as the 
space coordinates but will be independent of the y3 coordinate in view of the 
plane strain condition, i.e., 
*ii = u&Y1, Y2, t); eij = %i(Yl, Y2, t), (8.1) 
and these quantities will be subject to Hencky’s equations (4.1). In addition, 
we must also consider the following equations 
p 
( 
$$- + vi,@) = oijPj (Equations of motion), 
$ + Pi,Pi + pvi,i = 0 (Equation of continuity), (8.2) 
where the quantities vi(y1,y2, t) are the components of the velocity of the 
material particles in the region I and are defined by 
q(yl, y”, t) E 2 (yl, y2, t). 
Since the plane Z bounding the regions I and II is stationary by hypothesis 
the velocity components v, must satisfy the condition [3] 
[Vi] vi = 0 (Slip condition), (8.3) 
where v = (0, 1,0) is the unit vector normal to the plane Z But (8.3) reduces 
to the simple condition 
G2 = 0, (8.4) 
since the velocity components vanish in the region II due to the elastic 
equilibrium in this region. Also Ga = 0 from the plane-strain condition; 
hence only the behavior of the component 4 remains to be investigated. In 
this connection we observe that 4 is independent of y3 by the planestrain 
condition and also independent of y1 from the symmetry condition. Hence 
5r can depend on the time t alone. 
From the general formula [3] for the kinematical compatibility conditions 
of the first order for the velocity components, we have 
hi 
[ I - =-h”C+$T$ at (8.5) 
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where [vi j] vi = Xi with Y = (0, I, 0). In particular C& = X,; Ca,a = h,; 
Q2 = h, = 0. Since the discontinuity surface 2 is fixed, G = 0 (see Sec- 
tion III). \Ve assume that X, and ha are finite initially, hence (8.5) reduces to 
Bv, avi 
at -ati-’ (i = 1,2, 3). 
Moreover for fixed Z a corresponding result is easily seen to hold for any 
quantity 2 which is a continuously differentiable function of the time and 
the space coordinates in the region I. 
To study the behavior of 4 in time let us now evaluate the quantities in 
Eq. (8.2) on 2:. In doing this we shall avail ourselves of the symmetry con- 
dition (see Section IV), the plane-strain condition (see Section II), the slip 
condition (8.4) and kinematical conditions (8.6). After some simplification 
we thus obtain 
- aq 
Pat = &2,2; G,, - 0, 
x + @i,i = 0, (8.7) 
where the last of these equations can also be written as 
63.8) 
on account of the above definition of the velocity components vui in (8.2). 
From the first equation (8.7) we see that the time behavior of 5r depends 
essentially on that of the quantity ~?~a,~ . 
Now consider the first set of Eq. (4.1) which give en, = CJXQ, for i = 1, 
j = 2. Differentiating this equation with respect to y2 and then evaluating 
on .Z we get 
42,2 = ~,@I2 + Pk!,2 - (8.9) 
Again differentiating the first and fourth sets of Eq. (4.1) with respect to yz 
we find that 
Now multiplying the first set of Eq. (8.10) by & and summing on the 
repeated indices i and j we obtain 
** 
uijeij 2 
?J,2 = L 2K” ’ 
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when use is made of the fourth set of Eq. (4.1) and the second set of Eq. (8.10). 
Evaluating the latter equation and the second set of Eq. (8.10) on 2 and then 
expanding the expressions we have 




(522 - 41) 6%,2 + @393,2) = s %%2,2 - (8.11) 
Using the symmetry condition and the plane-strain condition the first equa- 




*+ & (522 - 41) ~22.2 - 
Finally eliminating t&2 from the above equation and the equation (8.8) we get 
q.2 ( %a 
- - - ~12%.!2 l--p- =v) 1 + & (a22 - 41) f722.2 - (8.13) 
We shall now determine the value of G12,2 in each of the three cases under 
consideration (see Sections IV and VI). 
Case A. From Eqs. (4.4) and (4.5) we have a,, = Ez2 and Oi2 f 0; hence 
the second equation (8.11) yields 012,2 = 0 and consequently the first of the 
equation (8.7) reduces to d+&/dt = 0, since p is finite and nonzero; or 
f&(t) = const = Gil(O). 
We assume the initial slip velocity ci(O) to be nonzero. Also we assume that 
Gi(O) > 0 in conformity with the fact that the constant shearing stress Oi2 
in the y1 direction is positive, i.e., 0 i2 > 0 from the equation (3.3) in which T 
is positive when 0 is positive (see Fig. 2). Since the velocity Cl(t) is not 
damped out but stays constant in time we have a condition of weak instability 
on Z which will result in fracture over this surface. In this case the mode of 
fracture is the so-called shear fracture since it is caused presumably by the 
shearing stress Oi2 . 
Case B. We first show that F is constant in time. For this purpose we 
evaluate the second of the equations (4.1) on Z and then differentiate with 
respect to the time, giving us 
in which a = (1 - 2v)/E > 0. But since c& , Oz2 and 6% are independent of 
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time as observed from the equations (7.4), we must have &&/at = 0. 
Putting this value of &&,/at in the equation (8.8) and assuming p to be 
finite, we find that 
ajqat = 0. (8.15) 
Differentiating the second set of the equations (4.2) with respect to ya 
and evaluating on C we obtain 
522.2 = 4%1,2 + a,,,,)- 
Multiplying this equation by (rS,, - &), which is not zero in this case, we 
have 
(522 - 61) t’z2,2 = 4622 - G) (G2 + 033,2). 
Substituting the right-hand side of the above equation in the second of the 
equations (8.11) gives us 
(522 - a,,) t?22*2 = a 9T . 
By virtue of the above equation, (8.13) can be written as 
I.&(1 -$$) = (q + a) g a,,,, . (8.16) 
We observe here that the factor of a,,,, on the right-hand side of (8.16) is 
positive and constant in time. Also the factor of ~,a on the left-hand side of 
(8.16) is positive, as can be shown in the following manner. If Eta >, K2 then 
from (3.3) and (5.4) we must have 
From the third equation in (6.4) we now deduce the following inequality 
cos2 0 (sin2 0 - 4) > 0. 
But since 0 < t9 < 45” for this case (see Section VI) we see that the left 
member of the latter inequality is negative. Hence we must have Gt2 < A? 
and the coefficient of @,2 in (8.16) is positive as stated above; this coefficient 
is also a constant since o,, has been observed to be a constant in the above 
discussion. 
By virtue of the assumed plane-strain condition and the symmetry con- 
dition 9),2 is independent of the y1 and y3 coordinates, respectively; hence 
it will be at most a function of the time. To determine the nature of the 
function vv2 we invoke the principle of minimum work due to plastic distor- 
tion over the surface 22 the scalar function dy’, y2, t), which is positive in the 
plastic region I, assumes a nonstationary minimum value ofl the surface Z. This 
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assumption rules out the minimum requirement under the stationary con- 
dition, i.e., q ,a = 0, in favor of the condition ~,a > 0 which gives a sharp 
variation of q~ in the immediate neighborhood of 2, as would be expected in 
general to occur [2]. Thus we have 
q.2 = b(t) > 0, (8.17) 
for all t > 0. From (8.16) and (8.17) we now see that &a = Bb(t), where B 
is a positive constant. Hence it follows from the first equation in (8.7) that 
d$ 
- B b(t), 
z-p (t 2 0). 
Now p is independent of t from (8.15) and independent of y1 from the 
symmetry condition; it follows from (8.18) that p must also be independent of 
the ys coordinate and consequently p must be an absolute constant. Putting 
B/p = C, where C is a positive constant, and integrating (8.18) we obtain 
El(t) = C s” b(t) dt + ?&l(O). 
0 
Assuming &1(O) > 0, as in Case A, it follows that Cl(t) is a continuously 
increasing function of the time t. Thus a condition of weak instability is 
created which will result in fracture over the surface Z. This fracture is also 
of the shear type as was found to occur in Case A since it is caused primarily 
by the shearing stress ii,, over the surface Z: 
Case C. We now have 0 = 0 and consequently OIa = 0 from the equation 
(3.3); otherwise all the conditions are the same as in Case B. Putting Ora = 0 
in the equation (8.16) and assuming that 6ra.a is j&site it follows that l,a 
vanishes. But ~,a > 0 from the equation (8.17) and we therefore have a 
contradiction. Hence Cs,,,, must be infinite on .Z and therefore &Tl/at must 
also be infinite from the first of the equations (8.7) in whichp is a finite constant 
as observed in Case B. This implies that a condition of strong instability suddenly 
develops without the occurrence of plastic flow over .Z. However, such flow 
may occur at points immediately adjacent to Z since &a # 0 as can be seen 
from the last equation in (4.6) and the equations (7.5). The resulting fracture 
along the surface .Z is of the cleavage type which is actually realized in tension 
tests on brittle materials [12]. 
REMARK. The nature and strenght of the discontinuity surface ZY leading 
to fracture can be specified both quantitatively and qualitatively in all the 
three Cases A, B, and C by comparing the stress and strain components on 
the elastic and plastic sides of 2Y. This will allow us to predict which of the 
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three cases are most likely to occur and in fact it can be seen that in Case A 
we have the weakest discontinuity (see Section VII); this explains why this 
case does not appear in experimental tests. 
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